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Abstract
We work in set-theory without choice ZF. Denoting by AC(N) the countable axiom of choice, we show in ZF + AC(N) that
the closed unit ball of a uniformly convex Banach space is compact in the convex topology (an alternative to the weak topology
in ZF). We prove that this ball is (closely) convex-compact in the convex topology. Given a set I , a real number p  1 (respectively
p = 0), and some closed subset F of [0,1]I which is a bounded subset of p(I ), we show that AC(N) (respectively DC, the axiom
of Dependent Choices) implies the compactness of F .
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1. Introduction
1.1. Presentation of the results
We work in ZF, Zermelo–Fraenkel set-theory without the Axiom of Choice (for short AC). Consider the countable
Axiom of Choice, which is not provable in ZF, and which does not imply AC:
AC(N): If (An)n∈N is a family of non-empty sets, then there exists a mapping f : N →⋃n∈NAn associating to
every k ∈N an element f (k) ∈ Ak .
In this paper, we first provide in ZF + AC(N) a criterion of compactness for topological spaces coarser than some
complete metric space, having a sub-basis of closed sets satisfying “good” properties with respect to the distance (see
Theorem 1 in Section 2.3.4). We then consider an alternative topology for the weak topology on a normed space,
namely the convex topology (which is the weak topology in ZF + HB), and we provide some properties of this
convex topology: in particular, using the (choiceless) Lusternik–Schnirelmann theorem, we show (see Theorem 2 in
Section 3.3) that the closure of the unit sphere of E for the convex topology is the closed unit ball of E. Applying
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unit ball of a uniformly convex Banach space is compact in the convex topology” (see Theorem 3 in Section 4.2): this
extends a result obtained by Fremlin for Hilbert spaces (see [6, Chapter 56, Section 566P]) and this solves a question
raised in [3, Question 2]. We then prove in ZF that “The closed unit ball of a uniformly convex Banach space is
(closely) convex-compact in the convex topology” (see Theorem 4 in Section 4.3). Given a set I , we apply our results
to closed subsets of [0,1]I . In Section 5, we show that AC(N) implies the compactness of closed subsets of [0,1]I
which are bounded subsets of some p(I ), 1  p < +∞. In Section 6, we prove that the Axiom of Dependent
Choices DC implies that every closed subset of [0,1]I which is contained in 0(I ) is compact.
1.2. Some weak forms of AC
We now review some weak forms of the Axiom of Choice which will be used in this paper and the known links
between them. For detailed references and much information on this subject, see [7].
1.2.1. DC and AC(N,fin)
The axiom of Dependent Choices asserts that:
DC: Given a non-empty set X and a binary relation R on X such that ∀x ∈ X ∃y ∈ X xRy, there exists a sequence
(xn)n∈N of X such that for every n ∈N, xnRxn+1.
The countable Axiom of Choice for finite sets says that:
AC(N,fin): If (An)n∈N is a family of finite non-empty sets, then there exists a mapping f : N →⋃n∈NAn associ-
ating to every n ∈N an element f (n) ∈ An.
Of course, AC ⇒ DC ⇒ AC(N) ⇒ AC(N,fin). However, the converse statements are not provable in ZF, and
AC(N,fin) is not provable in ZF (see references in [7]).
1.2.2. BPI and HB
The Boolean Prime Ideal axiom says that:
BPI: Every non-trivial boolean algebra has a prime ideal.
It is known that BPI is not provable in ZF and that BPI does not imply AC. The following well-known statements
of functional analysis are equivalent to the axiom BPI (see for example [13]): the Tychonov theorem for product of
compact Hausdorff spaces, the Alaoglu theorem, the fact that for every set I the product space [0,1]I is compact.
Remark 1. If a set I is well-orderable, then the product topological space [0,1]I is compact in ZF.
1.2.3. Hahn–Banach
Given a (real) vector space E, a mapping p : E → R is sub-linear if for every x, y ∈ E, and every λ ∈ R+,
p(x + y) p(x)+p(y) (sub-additivity), and p(λ.x) = λp(x) (positive homogeneity). Consider the “Hahn–Banach”
axiom, a well-known consequence of AC which is not provable in ZF:
HB: Let E be a (real) vector space. If p : E → R is a sub-linear mapping, if F is a vector subspace of E, if
f : F →R is a linear mapping such that f  pF , then there exists a linear mapping g : E →R extending f such
that g  p.
Given a (real) topological vector space E (i.e., E is a vector space such that the “sum” + : E×E → E and the external
multiplicative law . :R×E → E are continuous for the product topology), say that E satisfies the Continuous Hahn–
Banach property (for short CHB property) if “For every continuous sub-linear mapping p : E → R, for every vector
subspace F of E, if f : F →R is a linear mapping such that f  pF , then there exists a linear mapping g : E →R
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ZF) the CHB property: for example normed spaces with a well-orderable dense subset (in particular separable normed
spaces), but also Hilbert spaces, spaces 0(I ) (see [5]), uniformly convex Banach spaces with a Gâteaux-differentiable
norm [4], uniformly smooth Banach spaces (see [1]).
It is rather easy to prove that BPI implies HB and that HB is equivalent to most of its classical geometrical forms
(see [4, Section 6]). It is also easy to see that AC ⇒ (BPI + DC) ⇒ BPI ⇒ HB. The converse statements are not
provable in ZF and HB is not provable in ZF + DC (see [7]).
Remark 2. There exist various (ZFC-equivalent) definitions of reflexivity for Banach spaces: most of them are equiv-
alent in ZF + HB + DC (see [11]), including James’ sup theorem (see [12]).
2. A criterion of compactness
2.1. Filters
2.1.1. Filters in lattices of sets
Given a set X, a lattice of subsets of X is a subset L of P(X) containing ∅ and X, which is closed by finite inter-
sections and finite unions. A filter of the lattice L is a non-empty proper subset F of L such that for every A,B ∈ L:
(A,B ∈F) ⇒ A∩B ∈F , (1)
(A ∈F and A ⊆ B) ⇒ B ∈F . (2)
A subset A of L is contained in a filter of L if and only if A is centered, i.e., every finite subset of A has a non-empty
intersection; in this case, the intersection of all filters of L containing A is called the filter generated by A and we
denote it by fil(A).
2.1.2. Stationary sets
Given a filter F of a lattice L of subsets of a set X, an element S ∈ L is F -stationary if for every A ∈F , A∩S = ∅.
The set SL(F) (also denoted by S(F)) of F -stationary elements of L satisfies the following properties:
(i) If A is a chain of L and if A⊆ S(F), then A∪F is centered.
(ii) Let F1, . . . ,Fm ∈ L. If F1 ∪ · · ·∪Fm ∈ S(F), then there exists some i0 ∈ {1, . . . ,m} such that Fi0 is F -stationary.
2.2. Complete metric spaces
Given a metric space (X,d), some point a ∈ X and real numbers R,R′ satisfying R R′, we define large d-balls
and large d-crowns as follows:
Bd(a,R) :=
{
x ∈ X: d(a, x)R},
Dd(a,R,R
′) := {x ∈ X: R  d(a, x)R′}.
Moreover, if A is a subset of X, we define the d-diameter of A:
diamd(A) := sup
{
d(x, y): x, y ∈ A} ∈ [0,+∞].
In particular, diamd(∅) = 0. A metric space (X,d) is said to be complete if every Cauchy filter of the lattice of closed
subsets of X has a non-empty intersection. Here, a set A of subsets of X is Cauchy if for every ε > 0, there exists
A ∈A satisfying diamd(A) < ε.
2.3. A criterion of compactness in ZF + AC(N)
2.3.1. Compactness
Definition 1 (C-compactness, closed C-compactness). Given a class C of subsets of a set X, say that a subset A of X
is C-compact if for every family (Ci)i∈I of C such that (Ci ∩A)i∈I is centered, A∩⋂i∈I Ci is non-empty; say that A
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an element of A∩⋂i∈I Ci .
Recall that a topological space X is compact if X is C-compact, where C is the set of closed subsets of X. Equiva-
lently, every filter of the lattice of closed sets of X has a non-empty intersection.
2.3.2. Sub-basis of closed sets
Definition 2 (Basis, sub-basis of closed subsets). A set B of closed subsets of a topological space X is a basis of
closed sets if every closed set of X is an intersection of elements of B. A set S of closed subsets of X is a sub-basis
of closed sets if the set B of finite unions of elements of S is a basis of closed sets of X.
The following result is easy.
Proposition 1. Let X be a topological space, and L be a lattice of closed subsets of X. If L is a basis of closed subsets
of X, and if every filter of L has a non-empty intersection, then X is compact.
2.3.3. Property of smallness
Given real numbers a, b, we denote by ]a, b[ the open interval {x ∈R: a < x < b}.
Definition 3 (Smallness in thin crowns). Let (X,d) be a metric space and let a ∈ X. Say that a set C of subsets of X
satisfies the property of d-smallness in thin crowns centered at a if for every R ∈ R∗+, for every ε > 0 there exists
η ∈ ]0,R[ such that for every C ∈ C,
C ⊆ Dd(a,R − η,R + η) ⇒ diamd(C) < ε.
2.3.4. Criterion of compactness
Theorem 1. Let (X,d) be a complete metric space. Let T be a topology on X which is included in the topology Td of
(X,d). Let C be a sub-basis of closed sets of (X,T ), which is closed by finite intersection. If a ∈ X, if C contains all
large d-balls centered at a, and if C satisfies the property of d-smallness in thin crowns centered at a, then:
(i) In ZF + AC(N), every large d-ball with center a is T -compact (and thus, every d-bounded T -closed subset of
X is T -compact).
(ii) In ZF, every large d-ball with center a is C-compact (and thus, every d-bounded element of C is closely C-
compact).
Proof. Let L be the sub-lattice of P(X) generated by C. Let ρ > 0 and let B be the large d-ball Bd(a,ρ).
(i) Let F be a filter of L containing B . Let us prove in ZF + AC(N) that ⋂F is non-empty (using Proposition 1,
this will imply that B is T -compact). Let R := inf{r ∈ R+: Bd(a, r) ∈ S(F)}. The set of balls {Bd(a, r): r > R}
is a chain of F -stationary sets of L, thus F ∪ {Bd(a, r): r > R} generates a filter G of L (see Section 2.1.2(i)). If
R = 0 then ⋂G = {a} (because elements of F are Td -closed) thus a ∈⋂G ⊆⋂F . If R > 0, for every ε > 0, there
exists some element of G which is included in the crown Dd(a,R − ε,R + ε); with AC(N), choose for every n ∈N, a
finite subset Zn of C such that
⋃Zn ∈ G and ⋃Zn ⊆ Dd(a,R − 1n+1 ,R + 1n+1 ). With AC(N,fin), the set ⋃n∈NZn
is countable. We define by induction a sequence (Cn)n∈N ∈∏n∈NZn such that for every n ∈ N, G ∪ {Ci : i < n}
generates a filter Gn and Cn ∈ S(Gn): given some n ∈ N, ⋃Zn ∈ G ⊆ fil(G, (Ci)i<n) ⊆ S(fil(G, (Ci)i<n)); using
Section 2.1.2(ii), it follows that there exists Cn ∈Zn satisfying Cn ∈ S(fil(G, (Ci)i<n)). Since C satisfies the property
of d-smallness in thin d-crowns centered at a, the filter H :=⋃n∈N Gn is Cauchy in the metric space (X,d). Since
T ⊆ Td and (X,d) is complete,⋂H is a singleton {b}. Thus b ∈⋂H⊆⋂G ⊆⋂F .
(ii) Let A be subset of non-empty elements C which is closed by finite intersection and such that the ball B
belongs to A. Let us show (in ZF) that ⋂A is non-empty. Let F be the filter of L generated by A. Let R := inf{r ∈
R+: Bd(a, r) ∈ S(F)}. Denote by A′ the set {A ∩ Bd(a, r): A ∈A and r > R}. If R = 0 then {a} =⋂A′ ⊆⋂A.
If R > 0, then for every ε > 0, there exists some element of A′ which is included in the crown Dd(a,R − ε,R + ε).
Since C satisfies the property of d-smallness in thin d-crowns centered at a, the centered family A′ is Cauchy in
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⋂A′ is a singleton {b}, and {b} =⋂A′ ⊆⋂A;
moreover, b is ZF-definable from (X,d) and A. 
3. The convex topology on a normed space
In this paper, all vector spaces that we consider are defined over the field R of real numbers.
3.1. Banach spaces
Given a normed space E endowed with a norm ‖.‖, we denote by BE the closed unit ball {x ∈ E: ‖x‖ 1}, and by
SE the unit sphere of E. The topology on E associated to the norm is called the strong topology. A Banach space is
a normed space which is (Cauchy)-complete for the metric associated to the norm (i.e., every Cauchy filter of closed
sets has a non-empty intersection).
3.2. Weak topologies on normed spaces
3.2.1. The continuous dual E′ of a normed space E
We endow the vector space E′ of continuous linear mappings f : E →R with the dual norm ‖.‖∗, and we call this
space the continuous dual of the normed space E. We also denote by can : E → E′′ the canonical mapping associating
to every x ∈ E the “evaluating mapping” x˜ : E′ →R, satisfying for every f ∈ E′ the equality x˜(f ) = f (x).
3.2.2. The weak topology σ(E,E′) on E
It is the weakest topology T on E such that elements f ∈ E′ are T -continuous. The vector space E endowed the
weak topology is a locally convex topological vector space.
3.2.3. The weak* topology σ(E′,E) on E′
It is the weakest topology T on E such that evaluating mappings x˜ : E′ →R, x ∈ E are T -continuous. The vector
space E′ endowed the weak* topology is a Hausdorff locally convex topological vector space.
Remark 3. In a model of ZF where HB fails, there exists a non-null (infinite-dimensional) normed space E such that
E′ = {0} (see [5, Lemma 5] or [9]). In such a model of ZF, the weak topology on E is trivial with only two open sets.
3.3. The convex topology on a normed space
3.3.1. Definition of the convex topology
Since the weak topology on an infinite-dimensional normed space E may be trivial (in ZF), we define an alternative
topology on E, the convex topology (which we introduced in [11]): it is the weakest topology Tc for which strongly
closed convex subsets of E are Tc-closed. The lattice generated by strongly closed convex subsets of E is called the
convex lattice of E. Elements of this lattice are finite unions of strongly closed convex sets, so this lattice is a basis of
closed subsets of the convex topology. Thus the set C of strongly closed convex subsets of E is a sub-basis of closed
sets of the convex topology, which is closed by finite intersection.
Proposition 2. Let E be a normed space.
(i) “Weak topology on E” ⊆ “convex topology on E” ⊆ “strong topology on E”.
(ii) If E satisfies the continuous Hahn–Banach property, then the weak topology and the convex topology on E are
equal.
Proof. (i) is trivial. (ii) follows from the fact that if a normed space E satisfies the CHB property, then it satisfies
several classical geometric forms of the geometric Hahn–Banach property (see [4]) and in particular, every closed
convex set is weakly closed. 
In ZF + HB, the weak topology and the convex topology on a normed space are equal.
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Theorem (Lusternik–Schnirelmann). Let n ∈ N∗, let N : Rn → R be a norm, and let S be the unit sphere of N . Let
a ∈Rn such that N(a) < 1. Denote by sa : S → S the “antipodal mapping” associating to every x ∈ S the point y ∈ S
such that (xa) ∩ S = {x, y}, where (xa) is the line generated by x and a. If C1, . . . ,Cn are n closed subsets of Rn
such that S ⊆⋃1in Ci , then there exists i ∈ {1, . . . , n} and x ∈ S such that {x, sa(x)} ⊆ Ci .
Proof. The proof of this famous result is choiceless (see for example [10] for a = 0). 
Theorem 2. Let E be a normed space which is not finite-dimensional. The closure of the unit sphere SE for the convex
topology is the closed unit ball BE . In particular, the convex topology on E is strictly contained in the strong topology.
Proof. Since BE is closed in the convex topology, the closure C of SE in the convex topology is contained in BE . We
now prove that every point a ∈ E such that ‖a‖ < 1 belongs to C. Consider some finite set {Ci : 1 i  n} of closed
convex subsets of E such that F :=⋃1in Ci contains S. We have to show that a ∈ F . Let V be a vector subspace
of E, containing a, with dimension  n. The Lusternik–Schnirelmann theorem implies that for some i0 ∈ {1, . . . , n},
Ci0 ∩ V contains two a-antipodal points of SE ; by convexity of Ci0 , a ∈ Ci0 . 
Question 1. The convex topology Tc on a normed space E is T1 (i.e., every singleton is closed). Is it Hausdorff? Is
the space (E,Tc) a topological vector space? Is it locally convex? Is Tc the topology associated to some family of
pseudo-metrics on E? Is Tc uniformizable?
4. Weak compactness in a uniformly convex Banach space
4.1. Uniform convexity
4.1.1. Strict convexity
A normed space (E,‖.‖) is strictly convex if every segment contained in the unit sphere is a singleton: for every
x, y ∈ SE , x = y ⇒ ‖ x+y2 ‖ < 1.
4.1.2. Uniform convexity
This is a strong quantitative version of the strict convexity. A normed space (E,‖.‖) is uniformly convex if for
every real number ε > 0, there exists δ > 0 such that for every x, y ∈ BE (‖x − y‖ > ε ⇒ ‖ x+y2 ‖ < 1 − δ).
Example 1. Every Hilbert space is uniformly convex (see [2, p. 190–191]). Let p ∈ ]1,+∞[. If B is a boolean
algebra of subsets of a set I , and if ν : B→ [0,+∞] is non-null and finitely additive, then the normed space Lp(ν)
is uniformly convex (see [4, Section 4]). In particular, for every set I , the normed space p(I ) (see Section 5.1) is
uniformly convex.
Proposition 3. Given a uniformly convex normed space E, and denoting by d the metric on E given by the norm, the
family of closed convex subsets of E satisfies the property of d-smallness in thin d-crowns centered at 0E .
Proof. This follows directly from the definition of uniform convexity. 
4.2. Various weak forms of the Alaoglu theorem
Consider the following statements (the first two were introduced in [3] and [11] and are consequences of BPI—or
rather the Alaoglu theorem):
• A1: The closed unit ball (and thus every bounded subset which is closed in the convex topology) of a uniformly
convex Banach space is compact in the convex topology.
• A2: (Hilbert) The closed unit ball (and thus every bounded weakly closed subset) of a Hilbert space is weakly
compact.
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• A4: For every sequence (Fn)n∈N of finite sets, the closed unit ball of 2(⋃n∈NFn) is weakly compact.
Of course, A1 ⇒ A2 ⇒ A3 ⇒ A4.
Remark 4. If a Hilbert space H has a well-orderable dense subset, then H has a well-orderable Hilbertian basis,
thus H is isometrically isomorphic with some 2(I ) where I is well orderable, and in this case, the closed ball BH ,
which is homeomorphic with a closed subset of [−1,1]I , is weakly compact (use Remark 1). In particular, given an
ordinal α, the closed unit ball of 2(α) (for example the closed unit ball of 2(N)) is weakly compact.
Theorem 3.
(i) AC(N) ⇒ A1.
(ii) A1 ⇒ AC(N).
(iii) A4 ⇔ AC(N,fin).
Proof. (i) Let E be a uniformly convex Banach space. Denote by C the class of (strongly) closed convex subsets of E.
Denoting by T the convex topology on E, the class C is a sub-basis of closed subsets of the topological space (E,T ).
Now, consider the distance d associated to the norm on E: using Proposition 3, C satisfies the property of d-smallness
in thin d-crowns centered at 0E . Moreover, the metric space (E,d) is complete, closed d-balls belong to C and T is
included in the topology associated to d . Applying Theorem 1(i), it follows from AC(N) that the unit closed ball of E
(and also every bounded subset of E which is closed in the convex topology) is compact in the convex topology of E.
(ii) A1 ⇒ AC(N) because BPI ⇒ A1 and BPI ⇒ AC(N).
(iii) The idea of the implication A4 ⇒ AC(N,fin) is in [5, Theorem 9, p. 16]: we sketch it for sake of com-
pleteness. Let (Fn)n∈N be a disjoint sequence of non-empty finite sets. Let us show that
∏
n∈NFn is non-empty. Let
I :=⋃n∈NFn. Then the Hilbert spaces H := 2(I ) and ⊕2(N) 2(Fn) are isometrically isomorph. Let (εn)n∈N be
a sequence of ]0,1[ such that ∑n∈N ε2n = 1. For every n ∈ N, let F˜n := {εn1{x}: x ∈ Fn} where for each x ∈ Fn,
1{x} :Fn → {0,1} is the indicator of {x}; let Zn := {x = (xk)k∈N ∈ H : xn Fn ∈ F˜n}. Each Zn is a weakly closed
subset of the ball BH (Zn is a finite union of closed convex sets). Moreover, the sequence (Zn)n∈N is centered. The
weak compactness of BH implies that Z :=⋂n∈NZn is non-empty. An element of Z defines an element of∏n∈N F˜n,
and thus an element of
∏
n∈NFn (because each εn is > 0). For the converse statement, if (Fn)n∈N is a sequence of
finite sets, then the set I :=⋃n∈NFn is finite or countable and in both cases, the closed unit ball of the Hilbert space
2(I ) is weakly compact (see Remark 4). 
Remark 5. Theorem 3(i) enhances our previous result DC ⇒ A1 which we proved in [3], where we left open the two
questions: Does AC(N) imply A1? Does AC(N) imply A2? A proof of AC(N) ⇒ A2 has been found by Fremlin (see
[6, Chapter 56, Section 566P]).
Question 2. Does A2 imply A1? Does A3 imply A2? Does AC(N,fin) imply A3?
4.3. Convex-compactness in ZF
Given a vector space E, endowed with a topology T , say that a subset A of E is convex-compact if, denoting by C
the set of T -closed convex subsets of E, A is C-compact; moreover, if A is closely C-compact, say that A is closely
convex-compact.
Theorem 4. The closed unit ball of a uniformly convex Banach space is closely convex-compact in the convex topology.
Proof. The proof is analog to the proof of Theorem 3(i), applying Theorem 1(ii) instead of Theorem 1(i). 
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5. AC(N) and compactness in [0,1]I
Given a set I , we endow the vector space RI with the product topology, which we denote by TI .
5.1. Spaces p(I ), 1 p ∞ or p = 0
Denote by ∞(I ) the following vector space endowed with the “sup” norm N∞:
∞(I ) :=
{
x = (xi)i∈I : sup
i∈I
|xi | < +∞
}
.
Denote by 0(I ) the following closed vector space of ∞(I ) endowed with the norm N∞:
0(I ) := {x = (xi)i∈I ∈ ∞(I ): ∀ε > 0 ∃F ∈ Pf (I ) ∀i ∈ I\F |xi | ε}.
For every p ∈ [1,+∞[, denote by p(I ) the following vector space endowed with the Np-norm:
p(I ) :=
{
x = (xi)i∈I ∈RI :
∑
i∈I
|xi |p < +∞
}
.
Recall that the continuous dual of 0(I ) is (canonically isometrically isomorphic with) 1(I ). Given some p ∈
]1,+∞[, the continuous dual of p(I ) is (canonically isometrically isomorphic with) q(I ) where q is the conjugate
of p. The following lemma is easy:
Lemma 1. Let I be a set.
(i) The topology induced by TI on the subset 1(I ) (respectively ∞(I )) is included in the weak* topology
σ(1(I ), 0(I )) of 1(I ) (respectively the weak* topology σ(∞(I ), 1(I )) of ∞(I )). Moreover, the two topolo-
gies induce the same topology on bounded subsets of 1(I ) (respectively ∞(I )).
(ii) The topology induced by TI on the subset 0(I ) is included in the weak topology σ(0(I ), 1(I )). Moreover, the
two topologies induce the same topology on bounded subsets of 0(I ).
(iii) Given some p ∈ ]1,+∞[, the topology induced by TI on the subset p(I ) is included in the weak topology
σ(p(I ), q(I )) where q is the conjugate of p. Moreover, the two topologies induce the same topology on
bounded subsets of p(I ).
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Given a set I , denote by [0,1]Iσ the set of elements x = (xi)i∈I ∈ [0,1]I such that the support {i ∈ I : xi = 0} of x
is countable. Say that a closed subset F of [0,1]I is Corson if F ⊆ [0,1]Iσ .
Proposition 4. Let I be a set. Let F be a closed subset of [0,1]I .
(i) If F ⊆ 0(I ), then AC(N,fin) implies that F is Corson.
(ii) If F is Corson, then AC(N) implies that F is sequentially compact.
(iii) If F ⊆ 0(I ), then AC(N) implies that F is sequentially compact.
Proof. (i) assume that F ⊆ 0(I ). Given some x = (xi)i∈I ∈ F , the support J := {i ∈ I : xi = 0} of x is a countable
union of finite sets. Using AC(N,fin), J is countable. Thus F is Corson.
(ii) Let (xn)n∈N be a sequence of F . For every n ∈N, denote by Jn the support of xn: Jn := {i ∈ I : xni = 0}. Using
AC(N), the set J :=⋃n∈N Jn is countable. So K := [0,1]J × {0}I\J is compact and metrizable so K is sequentially
compact: extract from (xn)n∈N a convergent subsequence (xn)n∈A where A is some infinite subset of N.
(iii) Use (i) and (ii). 
Corollary 1. Let F be a closed subset of [0,1]I . If there exists p ∈ [1,+∞[ such that F is a bounded subset of p(I ),
then AC(N) implies that F is compact in [0,1]I .
Proof. Let r ∈ ]p,+∞[. Then Nr Np , so F is a bounded subset of r(I ). Since F is weakly closed and bounded
in r(I ), Theorem 3(i) implies that, using AC(N), F is compact in the weak topology σ(r(I ), r ′(I )) where r ′ is the
conjugate of r . It follows from Lemma 1(iii) that F is compact for the topology TI . 
Question 3. What is the power of the statement “The closed unit ball of 2(R) is weakly compact”? This statement is
a consequence of AC(N). Are there models of ZF which do not satisfy this statement?
6. DC and compactness in [0,1]I
6.1. Eberlein’s criterion of compactness
6.1.1. ϑ -sequences
Let E be a normed space, and denote by d the metric given by the norm on E. Given a subset F of E, and some
real number ϑ > 0, a ϑ -sequence of F is a sequence (an)n∈N of F satisfying for every n ∈ N:
d
(
span{ai : i < n}, conv{ai : i  n}
)
 ϑ.
In [11], we proved in (ZF + DC) the following result:
Theorem (DC). Let E be a Banach space. Denote by T the convex topology on E. Let F be a convex subset of E
which is d-bounded and T -closed. If F is not T -compact, then there exists some real number ϑ > 0 and a ϑ -sequence
of F .
If we delete the hypothesis “F is convex”, our next result allows us to build in (ZF + DC) “pseudo ϑ -sequences”.
Say that a sequence (an)n∈N of F is a pseudo ϑ -sequence if for every n ∈ N:
d
(
span{ai : i < n},
(
F ∩ conv{ai : i  n}
))
 ϑ.
6.1.2. Building pseudo-sequences with DC
We first recall the following result for saturating filters w.r.t. some numeric constraint:
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Let ρ : L→ R+ be some mapping. Let ρ˜ : P(L) → R+ be the mapping associating to every subset A of L the real
number inf{ρ(A): A ∈A}. Let F be a filter of L. Then there exists a filter G of L including F such that
ρ˜(G) = ρ˜(SL(G)).
Proof. See [11]. 
Remark 6. The previous proposition is easy to prove in ZFC: consider a maximal filter of L including F .
Notation 1. Given a metric space (X,d) and some subset A of X, we denote by dA the (1-Lipschitzian hence) con-
tinuous mapping dA : X → R associating to every x ∈ X the real number d(x,A) := inf{d(x, a): a ∈ A}. Moreover,
given some real number ϑ > 0, we denote by Aϑ the following closed subset of X:
Aϑ :=
{
x ∈ X: d(x,A) ϑ}.
Notice that if A is a convex subset of a normed space, then for every ϑ > 0 the set Aϑ is convex (because the
mapping dA is convex).
Theorem 5 (DC). Let E be a Banach space. Let d be the distance given by the norm on E. Let T be the convex
topology on E. Let F be a d-bounded subset of E, which is T -closed (thus d-closed, thus d-complete). If F is not
T -compact, then there exists some real number ϑ > 0, and a sequence (an)n∈N of F , such that for every n ∈ N:
d
(
span{ak: k  n},
(
convT {ak: k > n} ∩ F
))
 ϑ.
Proof. Let C be the set of T -closed (i.e., d-closed) convex subsets of E. Let Lc be the lattice generated by C. Let L1
be the lattice induced by Lc on F : L1 = {A∩F : A ∈ Lc}. Since F is not T -compact, let F be a filter of L1 containing
F such that
⋂F = ∅. Let ρ be the “diameter” function (w.r.t. the distance d), which is defined for d-bounded subsets
of E, and in particular on L1. Using the previous proposition for the “diameter” function ρ, DC implies the existence
of a filter G of L1 including F such that
r := ρ˜(SL1(G))= ρ˜(G).
If r = 0, then, since the metric space (F, d) is complete, ⋂G is a singleton {a}, and a ∈⋂F : contradictory! Thus
r > 0. Let 0 < ϑ < r . We will now build a sequence (Kn)n∈N of C, and a sequence (an)n∈N of F , such that for every
n ∈N,
an ∈
⋂
in
Ki and
(
span{ai : i < n}
)
ϑ
∩ (Kn ∩ F) = ∅. (3)
It will follow that for every n ∈N,
d
(
span{ak: k < n},
(
convT {ak: k  n} ∩ F
))
 ϑ.
• B(0, ϑ) /∈ SL1(G): thus there exists G ∈ G satisfying B(0, ϑ)∩G = ∅; since G ∈ L1, G is of the form
⋃
i∈I (Ci ∩
F) where I is finite and each Ci belongs to C; using Section 2.1.2(ii), let i ∈ I such that (Ci ∩ F) ∈ S(G). Let K0 be
the convex set Ci . Let G0 be the filter of L1 generated by G and K0. Let a0 ∈ K0 ∩ F .
• (Ra0)ϑ /∈ SL1(G0): let G ∈ G0 such that (span{a0})ϑ ∩ G = ∅. Since G ∈ L1, G is of the form
⋃
i∈I (Ci ∩ F)
where I is finite and each Ci belongs to C; let i ∈ I such that (Ci ∩ F) ∈ S(G0). Let K1 be the set Ci . Let G1 be the
filter of L1 generated by G0 and K1. Let a1 ∈ (K0 ∩K1 ∩ F).
• (span{a0, a1})ϑ /∈ SL1(G1): let K2 ∈ C such that K2 ∈ S(G1) and (span{a0, a1})ϑ ∩ (K2 ∩ F) = ∅. Let G2 be the
filter of L1 generated by G1 and K2. Let a2 ∈ (K0 ∩K1 ∩K2)∩ F .
• . . .
Using DC, we construct a sequence (an,Cn)n∈N of F × C satisfying (3). 
Corollary 2. Let E be a Banach space. Let d be the metric given by the norm on E. Let F be a d-bounded subset
of E which is closed for the convex topology T on E. Consider the three following statements:
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(ii) F is sequentially compact for T .
(iii) For every ϑ > 0, F does not contain any pseudo ϑ -sequence.
Then (i) ⇒ (ii) ⇒ (iii). Moreover, in (ZF + DC), (iii) ⇒ (i).
Proof. (i) ⇒ (ii) It is sufficient to prove this implication when E is a separable Banach space. In this case, the
normed space satisfies the CHB property (see Section 1.2.3), thus the convex topology T and the weak topology on E
are equal. Moreover, there is a norm N on E which induces on the closed unit ball of E a topology which is included
in the weak topology of E (see for example [8, Lemme I.4, p. 2]). This implies that the topology given by the norm N
and the topology T are equal on K ; thus the T -compact space K is metrizable whence K is sequentially compact.
(ii) ⇒ (iii) Assume that the subset K is sequentially compact in the topology T . Let ϑ > 0. Seeking for a contra-
diction, assume that F has a pseudo ϑ -sequence (an)n∈N. Extract some sequence (an)n∈A which converges to some
l ∈ F in the topology T . Then, for every n ∈ N, l ∈ convT {ai : i  n}. Let V := span({ai : i ∈ N} ∪ {l}). Let (un)n be
a convex block-sequence of (an)n∈A which strongly converges to l. Since the normed space V is separable, for each
n ∈N, choose some fn in the unit sphere of V ′ such that fn is null on {ai : i < n} and fn(l) ϑ . Let n0 ∈N such that
d(un0, l) <
ϑ
2 . Let N  n0 such that un0 ∈ span{ai : i < N}; then fN(un0) = 0 and fN(l) ϑ thus, since ‖fN‖ = 1,
d(l, uN0) ϑ : this is contradictory!
The implication (iii) ⇒ (i) holds in ZF + DC thanks to Theorem 5. 
6.2. Closed subsets of [0,1]I included in 0(I )
Corollary 3. Let F be a closed subset of [0,1]I . Assume that F is a (bounded) subset of 0(I ). Then DC implies
that F is compact.
Proof. The normed space 0(I ) satisfies the CHB property (see Section 1.2.3), thus the weak topology σ(0(I ), 1(I ))
and the convex topology T on 0(I ) are equal on 0(I ). Since F is a bounded subset of 0(I ), the topology T and
the product topology TI induce the same topology on F (see Lemma 1(ii)). The subset F of 0(I ) is bounded and
T -closed; using Proposition 4(iii), F is sequentially compact for the topology TI , i.e., for T . Using DC, Corollary 2
implies that F is compact for T , i.e., for TI . 
Question 4. Let I be a set and F be some closed subset of [0,1]I . If F ⊆ 0(I ), does AC(N) imply that F is compact?
Question 5. Let F be a closed subset of [0,1]I which is contained in R(I ) (the vector subspace of elements x ∈ RI
which have a finite support). Then F ⊆ 0(I ) thus, using Corollary 3, DC implies that F is compact. Does AC(N)
imply that F is compact?
Question 6. Let I be a set and F be some closed subset of [0,1]I .
(i) If F is Corson, does DC imply that F is compact? Does AC(N) imply that F is compact? (DCℵ1 implies that F
is compact.)
(ii) More generally, which closed subsets of [0,1]I can be proved compact in ZF + DC? in ZF + AC(N)?
References
[1] E. Albius, M. Morillon, Uniform smoothness entails Hahn–Banach, Quaest. Math. 24 (2001) 425–439.
[2] B. Beauzamy, Introduction to Banach Spaces and Their Geometry, second revised ed., North-Holland Math. Stud. Notas de Mat., vol. 86,
Elsevier, Amsterdam, 1985.
[3] C. Delhommé, M. Morillon, Dependent choices and weak compactness, Notre Dame J. Formal Logic 40 (4) (1999) 568–573.
[4] J. Dodu, M. Morillon, The Hahn–Banach property and the axiom of choice, MLQ Math. Log. Q. 45 (3) (1999) 299–314.
[5] J. Fossy, M. Morillon, The Baire category property and some notions of compactness, J. London Math. Soc. (2) 57 (1) (1998) 1–19.
[6] D. Fremlin, Measure Theory, vol. 5, http://www.essex.ac.uk/maths/staff/fremlin/mtcont.htm, Fremlin, 2006.
[7] P. Howard, J.E. Rubin, Consequences of the Axiom of Choice, vol. 59, Amer. Math. Soc., Providence, RI, 1998.
1088 M. Morillon / Topology and its Applications 155 (2008) 1077–1088[8] D. Li, H. Queffélec, Introduction à l’étude des espaces de Banach, Cours Spécialisés (Specialized Courses), vol. 12, Société Mathématique de
France, Paris, 2004. Analyse et probabilités (Analysis and Probability Theory).
[9] W.A.J. Luxemburg, M. Väth, The existence of non-trivial bounded functionals implies the Hahn–Banach extension theorem, Z. Anal. Anwen-
dungen 20 (2) (2001) 267–279.
[10] J. Matoušek, Using the Borsuk–Ulam Theorem, Lectures on Topological Methods in Combinatorics and Geometry, Universitext, Springer,
Berlin, 2003. Written in cooperation with Anders Björner and Günter M. Ziegler.
[11] M. Morillon, James sequences and Dependent Choices, MLQ Math. Log. Q. 51 (2) (2005) 171–186.
[12] M. Morillon, A new proof of James’ sup theorem, Extracta Math. 20 (3) (2005) 261–271.
[13] B.R. Salinas, F. Bombal, The Tychonoff product theorem for compact Hausdorff spaces does not imply the axiom of choice: A new proof.
Equivalent propositions, Collect. Math. 24 (1973) 219–230.
